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Abstract
We formulate the concept of weak cleft extension for a weak entwining structure in a braided
monoidal category C with equalizers and coequalizers. We prove that if A is a weak C-cleft extension,
then there is an isomorphism of algebras between A and a subobject of the tensor product of AC and
C where AC is a subalgebra of A. Also, we prove the corresponding dual results and linking the
information of this two parts we obtain a general property for a pair morphisms f :C → A and
g :A → C of algebras and coalgebras satisfying certain conditions. Finally, as particular instances,
we get the results of Fernández and Rodríguez, the theorems of Radford, Majid and Bespalov (in
the case of Hopf algebras with projection) and the ones obtained by Alonso and González for weak
Hopf algebras living in a symmetric category with split idempotents, for example, the weak theorem
of Blattner, Cohen and Montgomery for weak Hopf algebras with coalgebra splitting is one of them.
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Weak entwining structures have been introduced by Caenepeel and de Groot [16] as
a generalization of entwining structures defined by Brzezin´ski and Majid [14,15]. They
introduce the so-called entwining structures, consisting of an algebra A, a coalgebra C, and
an interwining ψ :C ⊗ A → A ⊗ C satisfying four technical conditions which have been
replaced for weaker axioms in the definition of Caenepeel and de Groot. In this context, a
weak entwined module is at the same time an A-module a C-comodule, with compatibility
condition given by ψ . With this definition it is possible to unify some categories of modules
associated to a Hopf algebra or a weak Hopf algebra, for example classical Doi–Hopf
modules and weak Doi–Hopf modules defined by Böhm in [10].
On the other hand, the main result of [3] is a generalization, for weak Hopf algebras
living in a symmetric monoidal category with split idempotents, of the well-known result
due to Blattner, Cohen and Montgomery which shows that if g :B → H is a morphism
of Hopf algebras with coalgebra splitting f , then there exists an algebra isomorphism
between B and the crossed product BH σBH H where BH is the left Hopf kernel of g and
σBH is a suitable cocycle (see Theorem (4.14) of [9]). In this generalization Alonso and
González proved that if g :B → H is a morphism of weak Hopf algebras and there exists
a morphism of coalgebras f :H → B such that g ◦ f = idH and f ◦ ηH = ηB , then using
the idempotent morphism qBH = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B and an equalizer
diagram it is possible to construct an algebra BH and morphisms ϕBH :H ⊗ BH → BH ,
σBH :H ⊗ H → BH such that there exists a subobject BH × H of BH ⊗ H isomorphic
with B as algebras and with algebra structure defined by a crossed product involving ϕBH
and σBH . Also, in [3] one can find the dual results and linking this information with the one
obtained previously, we get a weak version of Radford’s theorem introducing the category
of weak Yetter–Drinfeld modules. Radford’s theorem [27] gives equivalent conditions for
an object A⊗H equipped with smash product algebra and coalgebra to be a Hopf algebra
and characterizes such objects via a bialgebra projection. Majid in [24] interpreted this
result in the modern context of Yetter–Drinfeld modules and stated that there is a one to
one correspondence between Hopf algebras in this category, denoted by HHYD, and Hopf
algebras B with morphisms of Hopf algebras f :H → B , g :B → H such that g◦f = idH .
Later on, Bespalov proved the same result for braided categories with split idempotents in
[5], and pursued further the development of Radford’s theory in joint work with Drabant.
In [1] Alonso and Fernández found a very short proof of Radford’s result using the
notion of H -cleft comodule (module) algebras (coalgebras) for a Hopf algebra H in a
braided monoidal category. In some sense the approach of [1] is motivated by a charac-
terization of crossed products as a sort of cleft extensions and normal Galois extensions
and it can be extended to the theory of entwined modules. In [20], using these ideas, Fer-
nández and Rodríguez obtained, for a C-(co)cleft extension A in the braided category C ,
a cross (co)product semi(co)algebra in C . As a direct consequence, they give an example
of a crossed product by a coalgebra coming from the theory of coalgebra bundles and an
application to the case of two morphisms f :C → A and g :A → C of algebras and coal-
gebras satisfying certain conditions. In particular, if A and C are Hopf algebras, then we
have a braided interpretation of Radford’s theorem, i.e., the results of Majid and Bespalov.
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twining structures and with it to obtain a general theory involving as a particular instances
the results of the last two paragraphs. The organization of our paper is the following. In
Section 1, for a weak entwining structure, we introduce the notion of weak C-cleft exten-
sion AC ↪→ A, being A an algebra, C a coalgebra and AC a subalgebra of A. We prove
that if A is a weak C-cleft extension, then there is an isomorphism of algebras between
A and a cross product algebra of AC and C where the base object of this crossed product
is a subobject of the tensor product between AC and C in the braided category C . In the
entwining case we recover the results of [20] and we also give an application of this theory
to weak Hopf algebras with coalgebra splitting obtaining, for example, the theory devel-
oped in [3]. In Section 2, we prove the dual results and linking the information of this two
sections, in Section 3, we obtain an application to the case of two morphisms f :C → A
and g :A → C of algebras and coalgebras satisfying certain conditions. As examples, we
obtain the results of [20] and in the case of Hopf algebras with projection we have the re-
sults of Majid, Bespalov (braided categories). Finally, if we work with weak Hopf algebras
in symmetric categories with split idempotents we obtain the results of [3]. Of course, we
have as a particular example Radford’s theorem.
1. Weak entwining structures and weak C-cleft extensions
We assume that the reader is familiar with the machinery of braided monoidal cate-
gories. Details may be found in [21]. In what follows we denote with (C,⊗,K, c) a strict
braided monoidal category with equalizers and coequalizers. It is an easy exercise to prove
that if we have equalizers and coequalizers, then there exist split idempotents, i.e., for
every morphism q :Y → Y such that q = q ◦ q , the there exist an object Z and morphisms
i :Z → Y and p :Y → Z verifying q = i ◦ p and p ◦ i = idZ .
An algebra in C is a triple A = (A,ηA,µA) where A is an object in C and ηA :K → A
(unit), µA :A ⊗ A → A (product) are morphisms in C such that µA ◦ (A ⊗ ηA) = idA =
µA ◦ (ηA ⊗ A), µA ◦ (A ⊗ µA) = µA ◦ (µA ⊗ A). Given two algebras A = (A,ηA,µA)
and B = (B,ηB,µB), f :A → B is an algebra morphism if µB ◦ (f ⊗ f ) = f ◦ µA,
f ◦ ηA = ηB . Also, if A, B are algebras in C , the object A ⊗ B is also an algebra in C
where ηA⊗B = ηA ⊗ ηB and µA⊗B = (µA ⊗ µB) ◦ (A ⊗ cB,A ⊗B).
A coalgebra in C is a triple D = (D, εD, δD) where D is an object in C and εD :D → K
(counit), δD :D → D ⊗ D (coproduct) are morphisms in C such that (εD ⊗ D) ◦ δD =
idD = (D ⊗ εD) ◦ δD , (δD ⊗ D) ◦ δD = (D ⊗ δD) ◦ δD . If D = (D, εD, δD) and E =
(E, εE, δE) are coalgebras, f :D → E is a coalgebra morphism if (f ⊗ f ) ◦ δD = δE ◦ f ,
εE ◦ f = εD . When D, E are coalgebras in C , D ⊗ E is a coalgebra in C where εD⊗E =
εD ⊗ εE and δD⊗E = (D ⊗ cD,E ⊗E) ◦ (δD ⊗ δE).
Definition 1.1. A right–right weak entwining structure on C consists of a triple (A,C,ψ),
where A is an algebra, C a coalgebra, and ψ :C ⊗ A → A ⊗ C a morphism satisfying the
relations
(i) ψ ◦ (C ⊗µA) = (µA ⊗ C) ◦ (A ⊗ψ) ◦ (ψ ⊗A),
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(iii) ψ ◦ (C ⊗ ηA) = (eRR ⊗ C) ◦ δC ,
(iv) (A ⊗ εC) ◦ ψ = µA ◦ (eRR ⊗ A),
where eRR :C → A is the morphism defined by eRR = (A ⊗ εC) ◦ ψ ◦ (C ⊗ ηA). The
morphism ψ is called interwining.
The definition of right–right weak entwining structure was introduced by Caenepeel and
de Groot in [16] and is a generalization of the notion of right–right entwining structure de-
fined by Brzezin´ski and Majid in [14,15]. In the definition of these authors the morphism
eRR = ηA ⊗ εC and, obviously, any right–right entwining structure is a right–right weak
entwining structure. Moreover, a right–right weak entwining structure is a right–right en-
twining structure if and only if eRR = ηA ⊗ εC . Also, in a similar way, we can define the
notions of right–left, left–right and left–left weak entwining structures (see [16] for the
details).
In this paper we only work with right–right weak entwining structures. For more sim-
plicity we use the name weak entwining structure for substitution of right–right weak
entwining structure.
Examples 1.2. (i) Let C be a symmetric monoidal category with split idempotents. Weak
Hopf algebras are generalizations of Hopf algebras and was introduced by Böhm, Nill and
Szlachányi in [11,12]. The axioms are the same as the ones for a Hopf algebra, except that
the coproduct of the unit, the product of the counit and the antipode condition are replaced
by weaker properties. The definition is the following.
A weak Hopf algebra H in C is an algebra (H,ηH ,µH ) and coalgebra (H, εH , δH )
such that the following axioms hold:
(a1) δH ◦ µH = (µH ⊗µH ) ◦ δH⊗H .
(a2) εH ◦ µH ◦ (µH ⊗ H) = (εH ⊗ εH ) ◦ (µH ⊗ µH) ◦ (H ⊗ δH ⊗ H) = (εH ⊗ εH ) ◦
(µH ⊗µH) ◦ (H ⊗ (cH,H ◦ δH ) ⊗ H).
(a3) (δH ⊗ H) ◦ δH ◦ ηH = (H ⊗ µH ⊗ H) ◦ (δH ⊗ δH ) ◦ (ηH ⊗ ηH ) = (H ⊗ (µH ◦
cH,H ) ⊗ H) ◦ (δH ⊗ δH ) ◦ (ηH ⊗ ηH ).
(a4) There exists a morphism λH :H → H in C (called antipode of H ) verifying:
(a4-1) µH ◦ (H ⊗ λH ) ◦ δH = ((εH ◦ µH) ⊗ H) ◦ (H ⊗ cH,H ) ◦ ((δH ◦ ηH ) ⊗ H).
(a4-2) µH ◦ (λH ⊗ H) ◦ δH = (H ⊗ (εH ◦ µH)) ◦ (cH,H ⊗ H) ◦ (H ⊗ (δH ◦ ηH )).
(a4-3) µH ◦ (µH ⊗H) ◦ (λH ⊗ H ⊗ λH ) ◦ (δH ⊗H) ◦ δH = λH .
As a consequence of this definition it is an easy exercise to prove that a weak Hopf
algebra is a Hopf algebra if an only if the morphism δH (coproduct) is unit-preserving
(i.e., ηH ⊗ ηH = δH ◦ ηH ) and if and only if the counit is a homomorphism of algebras
(i.e., εH ◦ µH = εH ⊗ εH ).
If H is a weak Hopf algebra, the antipode λH is unique, antimultiplicative, anti-
comultiplicative and leaves the unit ηH and the counit εH invariant, i.e., λH ◦ µH =
µH ◦ (λH ⊗λH )◦cH,H , δH ◦λH = cH,H ◦ (λH ⊗λH )◦δH , λH ◦ηH = ηH , εH ◦λH = εH .
If we define the morphisms ΠL , ΠR , ΠL and ΠR byH H H H
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(
(εH ◦ µH) ⊗ H
) ◦ (H ⊗ cH,H ) ◦
(
(δH ◦ ηH ) ⊗H
)
:H → H,
ΠRH =
(
H ⊗ (εH ◦ µH)
) ◦ (cH,H ⊗ H) ◦
(
H ⊗ (δH ◦ ηH )
)
:H → H,
ΠLH =
(
H ⊗ (εH ◦µH )
) ◦ ((δH ◦ ηH ) ⊗H
)
:H → H,
ΠRH =
(
(εH ◦µH ) ⊗H
) ◦ (H ⊗ (δH ◦ ηH )
)
:H → H.
It is straightforward to show (see [11]) that they are idempotent. Moreover, we have that
(see [16]) ΠRH ◦ΠLH = ΠLH , ΠLH ◦ΠRH = ΠRH, ΠLH ◦ΠRH = ΠRH , ΠRH ◦ΠLH = ΠLH , ΠLH ◦
ΠLH = ΠLH , ΠLH ◦ ΠLH = ΠLH , ΠRH ◦ ΠRH = ΠRH and ΠRH ◦ ΠRH = ΠRH . Also it is easy to
show the formulas:
ΠLH = ΠRH ◦ λH = λH ◦ΠLH, ΠRH = ΠLH ◦ λH = λH ◦ ΠRH,
ΠLH ◦ λH = ΠLH ◦ΠRH = λH ◦ ΠRH, ΠRH ◦ λH = ΠRH ◦ ΠLH = λH ◦ΠLH .
A morphism between weak Hopf algebras H and B is a morphism f :H → B which
is both algebra and coalgebra morphism. If f :H → B is a weak Hopf algebra morphism,
then λB ◦ f = f ◦ λH (see 1.4 of [2]).
Let be the triple (H,H,ψ) where ψ = (H ⊗ µH) ◦ (cH,H ⊗ H) ◦ (H ⊗ δH ). Then
(H,H,ψ) is a weak entwining structure with eRR = ΠRH .
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category C with split
idempotents. Let g :B → H be a morphism of weak Hopf algebras and f :H → B be a
morphism of coalgebras such that g ◦ f = idH and f ◦ ηH = ηB . If we define ρB :B →
B ⊗ H and the interwining ψ :H ⊗B → B ⊗H by
ρB = (B ⊗ g) ◦ δB, ψ = (B ⊗µH ) ◦ (cH,B ⊗H) ◦ (H ⊗ ρB)
we have that (B,H,ψ) is a weak entwining structure where eRR = ΠRB ◦ f . Of course, the
previous example is a particular instance of this one for H = B and f = g = idH .
In [3], using the idempotent morphism qBH = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B
and an equalizer diagram, Alonso and González proved that it is possible to construct an
algebra BH and morphisms ϕBH :H ⊗ BH → BH , σBH :H ⊗ H → BH such that there
exists a subobject BH × H of BH ⊗ H isomorphic with B as algebras and with algebra
structure (the crossed product) defined by ηBH×H = rB ◦ (ηBH ⊗ ηH ) and
µBH×H = rB ◦ (µBH ⊗ H) ◦ (µBH ⊗ σBH ⊗µH ) ◦ (BH ⊗ ϕBH ⊗ δH⊗H)
◦ (BH ⊗ H ⊗ cH,BH ⊗H) ◦ (BH ⊗ δH ⊗ BH ⊗ H) ◦ (sB ⊗ sB),
where sB is the inclusion of BH × H in BH ⊗ H and rB the projection of BH ⊗ H on
BH ×H . Of course, when f :H → B is a morphism of weak Hopf algebras we recover the
theory developed in [2] and if H and B are Hopf algebras we obtain the result of Blattner,
Cohen and Montgomery (see [9]). For this reason, the authors denoted the algebra BH ×H
by BH σBH H .
In this paper, we will prove that these results are particular instances of a more general
theorems that we can obtain in the context of weak entwining structures.
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the category whose objects are triples (M,φM,ρM), where (M,φM) is a right A-module
(i.e., φM ◦ (φM ⊗ A) = φM ◦ (M ⊗ µA), idM = φM ◦ (M ⊗ ηA)), (M,ρM) is a right
C-comodule (i.e., (ρM ⊗C) ◦ ρM = (M ⊗ δC) ◦ ρM , (M ⊗ εC) ◦ ρM = idM ), and
ρM ◦ φM = (φM ⊗C) ◦ (M ⊗ ψ) ◦ (ρM ⊗ A).
The objects of MCA(ψ) will be called weak entwined modules and a morphism in
MCA(ψ) is a morphism of A-modules and C-comodules. If (A,C,ψ) is an entwining
structure then we find the category of entwined modules introduced by Brzezin´ski in [14].
Finally, in a similar way we define modules over right–left, left–right and left–left weak
entwining structures (see [16]).
Examples 1.4. (i) Using entwining structures it is possible to unify some categories
of modules associated to a Hopf algebra as categories of entwined modules. For exam-
ple, if C = H is a Hopf algebra, A is a right H -comodule algebra and ψ = (A ⊗ µH) ◦
(cH,A ⊗ H) ◦ (H ⊗ ρA) an object M in MHA (ψ) is a Hopf module [17]. If C = A = H is
a Hopf algebra and
ψ = (H ⊗µH) ◦ (H ⊗H ⊗µH ) ◦ (H ⊗ cH,H ⊗ H) ◦ (cH,H ⊗H ⊗H)
◦ (H ⊗ cH,H ⊗ H) ◦ (H ⊗ λH ⊗ δH ) ◦ (H ⊗ δH )
then an object M in MCA(ψ) is a Yetter–Drinfeld module [28,29]. Finally, let H be a
Hopf algebra. If A is a right H -comodule algebra, C is a right H -module coalgebra and
ψ = (A ⊗ φC) ◦ (cC,A ⊗ H) ◦ (C ⊗ ρA) then an object in MCA(ψ) is a Doi–Koppinen
module [18,22].
(ii) If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2 then
(B,φB = µB,ρB) belongs to the categoryMHB (ψ).
(iii) The category of weak Doi–Hopf modules, introduced in [10] can be identify as a
category of weak entwined modules (see [16]).
Proposition 1.5. Let (A,C,ψ) be a weak entwining structure such that there exists a coac-
tion ρA verifying that (A,µA,ρA) belongs to MCA(ψ). If for all (M,φM,ρM) ∈MCA(ψ),
we denote by MC the equalizer of ρM and ζM = (φM ⊗ C) ◦ (M ⊗ (ρA ◦ ηA)) and by iMC
the injection of MC in M , we have the following:
(i) The triple (AC,ηAC ,µAC) is an algebra in C , where ηAC :K → AC and µAC :AC ⊗
AC → AC are the factorizations of ηA and µA ◦ (iAC ⊗ iAC) respectively, through the
equalizer iAC .
(ii) The pair (MC,φMC ) is a right AC -module, where φMC :MC ⊗ AC → MC is the fac-
torization of φM ◦ (iMC ⊗ iAC ) through the equalizer iMC .
Proof. The proof is easy and we leave the details to the reader. 
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the morphism qBH = µB ◦ (B ⊗ (λB ◦ f ◦ g)) ◦ δB :B → B is an idempotent in C (see 2.1
of [3]). As a consequence, there exist an epimorphism pBH , a monomorphism iBH and an
object BH such that the diagram

 

B B
BH
qBH
pBH i
B
H
commutes and pBH ◦ iBH = idBH . Also by 2.2 of [3] we have that the following diagram is
an equalizer diagram in C:
 BH B ⊗H .i
B
H
ρB
(B⊗ΠLH )◦ρB
B
Moreover, using the equality ΠRH ◦ ΠLH = ΠLH , it is easy to show that
 BH B B ⊗ Hi
B
H
ρB
(B⊗ΠRH )◦ρB
is an equalizer diagram in C .
Therefore, the object defined by the equalizer of ρB and ζB is the same that the one
defined by the equalizer of ρB and (B ⊗ΠRH) ◦ ρB because, in this situation, (B ⊗ΠRH ) ◦
ρB = ζB .
Remark 1.7. Suppose that (A,C,ψ) be a weak entwining structure such that there exists a
coaction ρA verifying that (A,µA,ρA) belongs to MCA(ψ). Then if h ∈ HomC(C,A) is a
morphism of right C-comodules h ∧ eRR = h where ∧ denotes the usual convolution, i.e.,
h∧ eRR = µA ◦ (h⊗ eRR) ◦ δC . Indeed:
h ∧ eRR = (µA ⊗ εC) ◦ (h⊗ ψ) ◦ (δC ⊗ ηA)
= (µA ⊗ εC) ◦ (A ⊗ψ) ◦
(
(ρA ◦ h) ⊗ ηA
)
= (A ⊗ εC) ◦ ρA ◦ µA ◦ (h⊗ ηA) = h.
Definition 1.8. Let (A,C,ψ) be a weak entwining structure and suppose that (A,ρA) is
a right C-comodule. By RegWR(C,A) we denote the set of morphisms h ∈ HomC(C,A)
such that there exists a morphism h−1 ∈ HomC(C,A) (the left weak inverse of h) verifying
h−1 ∧ h = eRR.
Let A be an algebra and C be a coalgebra in C . By Reg(C,A) we denote the set of
morphisms h :C → A such that there exists a morphism h−1 :C → A (the inverse of h)
verifying h−1 ∧h = h∧h−1 = εC ⊗ηA = ηA ◦ εC . Of course, if (A,C,ψ) is an entwining
structure in C eRR = εC ⊗ ηA and Reg(C,A) ⊂ RegWR(C,A).
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MCA(ψ). We will say that AC ↪→ A is a weak C-cleft extension if there exists a morphism
h :C → A in RegWR(C,A) of right C-comodules such that
ψ ◦ (C ⊗ h−1) ◦ δC = ζA ◦
(
eRR ∧ h−1
)
where ζA = (µA ⊗C) ◦ (A ⊗ (ρA ◦ ηA)) is the morphism defined in 1.5.
This definition is a generalization of the one used by Fernández and Rodríguez in [20]
in the context of entwined modules but changing Reg(C,A) by RegWR(C,A) and adding a
new condition. In this paper we will show that the results obtained in [20] can be prove if
you only work with the more general set RegWR(C,A). Also, using the definition of weak
C-cleft extension, we will involve the weak Hopf algebraic context and the weak entwined
categories of modules in connection with it.
A classic result in Galois theory says that if B ⊂ A is a finite Galois extension of fields
with Galois group H , then A/B has a normal basis, i.e., there exists a ∈ A such that the
set {x.a;x ∈ H } is a basis for A over B . Afterwards, Kreimer and Takeuchi introduce
in [23] the notion of normal basis for extensions, associated to Hopf algebras in cate-
gories of modules over a commutative ring, and in [19] Doi and Takeuchi characterized
the H -Galois extensions with normal basis in terms of H -cleft extensions. Recently, in the
work of Brzezin´ski [14] we can find a more general formulation of these last results in the
context of entwining structures.
In [4], we formulate the definition of weak C-Galois extension with normal basis for
a weak entwining structure living in a braided monoidal category with equalizers and co-
equalizers and we characterize this extensions using the notion of cleftness introduced in
Definition 1.9. Of course, as a particular instances, we recover the results described in the
previous paragraph.
Remarks 1.10. (i) Suppose that (A,C,ψ) be a weak entwining structure such that there
exists a coaction ρA verifying that (A,µA,ρA) belongs to MCA(ψ). Then if h :C → A
is a morphism of right C-comodules in RegWR(C,A), the interwining ψ is completely
determined in the following form:
ψ = (µA ⊗ C) ◦
(
A ⊗ (ρA ◦ µA)
) ◦ (((h−1 ⊗ h) ◦ δC
) ⊗A).
Indeed:
(µA ⊗ C) ◦
(
A ⊗ (ρA ◦ µA)
) ◦ (((h−1 ⊗ h) ◦ δC
)⊗ A)
= (µA ⊗ C) ◦
(
A ⊗ ((µA ⊗ C) ◦ (A ⊗ψ) ◦ (ρA ⊗A)
)) ◦ (((h−1 ⊗ h) ◦ δC
) ⊗A)
= (µA ⊗ C) ◦ (µA ⊗ ψ) ◦
(
h−1 ⊗ h⊗ C ⊗ A) ◦ (C ⊗ δC ⊗A) ◦ (δC ⊗ A)
= (µA ⊗ C) ◦ (eRR ⊗ ψ) ◦ (δC ⊗A)
= (A ⊗ εC ⊗ C) ◦ (ψ ⊗ C) ◦ (C ⊗ ψ) ◦ (δC ⊗A)
= (A⊗ ((εC ⊗ C) ◦ δC
)) ◦ ψ = ψ.
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The second one follows from the fact that h is a morphism of right C-modules, the third
one by the coalgebra structure of C and by h−1 ∧ h = eRR and finally, the fourth and the
fifth ones by the properties of ψ and the coalgebra structure of C.
(ii) Let (A,C,ψ) be an entwined structure and suppose that (A,µA,ρA) ∈MCA(ψ). If
h ∈ Reg(C,A) is a morphism of right C-comodules we have that
ψ ◦ (C ⊗ h−1) ◦ δC = ζA ◦ h−1 = ζA ◦
(
eRR ∧ h−1
)
.
Then, as a consequence, a C-cleft extension for an entwining structure is a weak C-cleft
extension.
Example 1.11. If H is a Hopf algebra idH is an element of Reg(H,H) with inverse id−1H =
λH . In the weak Hopf algebra case idH ∈ RegWR(H,H) with left weak inverse λH and
idH ∈ Reg(H,H) if and only if H is a Hopf algebra.
If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2, f ∈
RegWR(H,B) because for f−1 = λB ◦ f we obtain that f−1 ∧ f = ΠRB ◦ f = eRR and
BH ↪→ B = (B,µB,ρB) is a weak H -cleft extension because
ψ ◦ (H ⊗ f −1) ◦ δH
= (B ⊗µH ) ◦ (cH,B ⊗ H) ◦
(
H ⊗ ((λB ⊗ (g ◦ λB)
) ◦ cB,B ◦ δB ◦ f
)) ◦ δH
= (B ⊗ g) ◦ cB,B ◦
(
ΠLB ⊗ λB
) ◦ δB ◦ f
= (B ⊗ (g ◦ ΠRB
)) ◦ cB,B ◦
(
ΠLB ⊗ λB
) ◦ δB ◦ f
= (B ⊗ ΠRH
) ◦ ρB ◦ f −1
= ζB ◦ f −1
= ζB ◦
(
ΠRB ∧ λB
) ◦ f
= ζB ◦
(
eRR ∧ f −1
)
.
In the previous calculus, the first equality follows from the definition of ψ and by the
antimultiplicative nature of λB . In the second one, we use the equality g ◦ f = iH , the
condition of coalgebra morphism for f and the naturality of the braiding. The third equality
follows from ΠLB = ΠRB ◦ λB and in the fourth one we use the antimultiplicative nature of
the antipode. In the fifth one we apply ΠRH ◦g = g ◦ΠRB and (B ⊗ΠRH )◦ρB = ζB . Finally,
in the sixth one we use ΠRB ∧λB = λB and in the seventh one (ΠRB ∧λB)◦f = eRR ∧f−1.
When H = B and f = g = idH we have the trivial example of weak H -cleft extension.
Proposition 1.12. Let (A,C,ψ) be a weak entwining structure such that there exists a
coaction ρA verifying that (A,µA,ρA) belongs toMCA(ψ). Let h :C → A be a morphism
of right C-comodules in RegWR(C,A). The following are equivalent:
(i) AC ↪→ A is a weak C-cleft extension.
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factors through the equalizer iMC , i.e., there exists a morphism pMC :M → MC such
that iMC ◦ pMC = qMC .
Proof. (i) ⇒ (ii). We have that
ρM ◦ qMC
= (φM ⊗C) ◦ (M ⊗ ψ) ◦
(
ρM ⊗ h−1
) ◦ ρM
= (φM ⊗C) ◦
(
M ⊗ (ψ ◦ (C ⊗ h−1) ◦ δC
)) ◦ ρM
= (φM ⊗C) ◦
(
M ⊗ (ζA ◦
(
eRR ∧ h−1
))) ◦ ρM
= (φM ⊗C) ◦
((
φM ◦ (M ⊗ eRR) ◦ ρM
) ⊗ (ζA ◦ h−1
)) ◦ ρM
= (φM ⊗C) ◦
((
φM ◦
(
M ⊗ h−1) ◦ ρM
) ⊗ (ρA ◦ ηA)
)
= ζM ◦ qMC .
In the last computations the first equality follows from the weak entwined condition
for M , the second one by the comodule structure of M and the third one by the cleft
condition. In the fourth one we use the comodule structure of M and in the fifth one we
apply φM ◦ (M ⊗ eRR) ◦ ρM = idM . Finally, in the sixth one we use the module structure
of M .
Therefore, there exists a morphism pMC :M → MC such that iMC ◦ pMC = qMC .
(ii) ⇒ (i). For M = A we have the following:
ψ ◦ (C ⊗ h−1) ◦ δC
= (µA ⊗ C) ◦
(
A ⊗ (ρA ◦ µA)
) ◦ (((h−1 ⊗ h) ◦ δC
)⊗ A) ◦ (C ⊗ h−1) ◦ δC
= (µA ⊗ C) ◦
(
A ⊗ (ρA ◦ qAC
)) ◦ (h⊗ h−1) ◦ δC
= (µA ⊗ C) ◦
(
h−1 ⊗ ((µA ⊗C) ◦
(
µA ⊗ (ρA ◦ ηA)
) ◦ (A ⊗ h−1) ◦ ρA ◦ h
)) ◦ δC
= (µA ⊗ C) ◦
(
µA ⊗ (ρA ◦ ηA)
) ◦ (µA ⊗ A) ◦
(
h−1 ⊗ h ⊗ h−1) ◦ (δC ⊗C) ◦ δC
= ζA ◦
(
eRR ∧ h−1
)
.
Note that in the last computations, the first follows by the expression of ψ calculated in
1.10 and the third one by the factorization condition for qAC . 
Remark 1.13. Let (A,C,ψ) be a weak entwining structure such that there exists a coaction
ρA verifying that (A,µA,ρA) belongs to MCA(ψ). If g :C → A is a morphism in C , the
following assertions are equivalent:
(a1) The morphism g verifies eRR ∧ g = g and ψ ◦ (C ⊗ g) ◦ δC = ζA ◦ (eRR ∧ g).
(a2) The morphism g verifies ψ ◦ (C ⊗ g) ◦ δC = ζA ◦ g.
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g = (µA ⊗ εC) ◦ (g ⊗ ρA) ◦ (C ⊗ ηA) = (A ⊗ εC) ◦ ψ ◦ (C ⊗ g) ◦ δC = eRR ∧ g.
Let AC ↪→ A be a weak C-cleft extension with associated morphism h :C → A. The
morphism g = eRR ∧ h−1 verifies the following:
(b1) g ∧ h = eRR.
(b2) eRR ∧ g = g.
(b3) ψ ◦ (C ⊗ g) ◦ δC = ζA ◦ (eRR ∧ g).
Indeed, (b1), (b2) are trivial. The proof for (b3) is the following:
ψ ◦ (C ⊗ g) ◦ δC
= (µA ⊗C) ◦
(
h−1 ⊗ ρA
) ◦ (C ⊗ h∧ eRR ∧ h−1
) ◦ δC
= (µA ⊗C) ◦
(
h−1 ⊗ ρA
) ◦ (C ⊗µA) ◦
(
C ⊗ h⊗ h−1) ◦ (δC ⊗ C) ◦ δC
= ψ ◦ (C ⊗ h−1) ◦ δC
= ζA ◦
(
eRR ∧ h−1
)
= ζA ◦ (eRR ∧ g).
Then using the equivalence (a1) ⇔ (a2), we obtain that (b1), (b2) and (b3) are equiva-
lent with (a1) and ψ ◦ (C ⊗ g) ◦ δC = ζA ◦ g. Therefore, in Definition 1.9 we can suppose
without loss of generality that eRR ∧ h−1 = h−1.
Example 1.14. If H and B are weak Hopf algebras in the same conditions of (ii) of 1.2
then the morphism introduced in the last proposition is the morphism qBH defined in 1.6.
The morphism qBH was used by Bespalov [5], in the context of braided categories with split
idempotents, for to obtain a braided version of the Radford’s theorem (see [27]) for Hopf
algebras with projection (see also [6–8]). The first result in this direction was stated by
Majid [24] using the notion of Yetter–Drinfeld modules and the bosonization process.
Proposition 1.15. Let AC ↪→ A be a weak C-cleft extension with h :C → A the morphism
of right C-comodules in RegWR(C,A). Then the morphism ϕA :C ⊗ A → A defined by
ϕA = µA ◦
(
µA ⊗ h−1
) ◦ (h ⊗ψ) ◦ (δC ⊗ A)
factors through the equalizer iAC . Moreover, if ϕ′A is the factorization of ϕA, we have thefollowing equality:
µAC ◦
(
ϕ′A ⊗ ϕ′A
) ◦ (C ⊗ ψ ⊗A) ◦ (δC ⊗ A⊗ A) = ϕ′A ◦ (C ⊗µA).
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obtain:
µAC ◦
(
ϕ′A ⊗ ϕAC
) ◦ (C ⊗ψ ⊗ AC) ◦
(
δC ⊗ iCA ⊗ AC
) = ϕAC ◦ (C ⊗ µAC ).
Proof. Let ϕA :C⊗A → A be the morphism defined by ϕA = µA ◦ (µA⊗h−1)◦ (h⊗ψ)◦
(δC ⊗A). Then if we put ϕ′A = pAC ◦µA ◦ (h⊗A), where pAC is the unique morphism such
that iAC ◦ pAC = qAC , we obtain that iAC ◦ ϕ′A = ϕA.
On the other hand,
iAC ◦µAC ◦
(
ϕ′A ⊗ ϕ′A
) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗A)
= µA ◦ (µA ⊗ µA) ◦
(
µA ⊗ h−1 ⊗µA ⊗ h−1
) ◦ (h ⊗ψ ⊗ h⊗ ψ)
◦ (δC ⊗ A⊗ δC ⊗ A) ◦ (C ⊗ ψ ⊗ A) ◦ (δC ⊗ A ⊗A)
= µA ◦ (µA ⊗ A) ◦ (µA ⊗A ⊗ µA) ◦
(
h⊗ A ⊗ eRR ⊗ A ⊗ h−1
)
◦ (C ⊗ ψ ⊗ψ) ◦ (δC ⊗ ψ ⊗A) ◦ (δC ⊗ A⊗ A)
= µA ◦
(
µA ⊗ h−1
) ◦ (µA ⊗ ψ) ◦ (µA ⊗ eRR ⊗C ⊗A) ◦ (h ⊗A ⊗ δC ⊗ A)
◦ (C ⊗ ψ ⊗A) ◦ (δC ⊗A ⊗ A)
= µA ◦
(
µA ⊗ h−1
) ◦ (µA ⊗ µA ⊗ C) ◦ (h⊗ A⊗ A ⊗ψ) ◦ (C ⊗ A ⊗ψ ⊗ A)
◦ (C ⊗ ψ ⊗A ⊗ A) ◦ (δC ⊗ A ⊗ ηA ⊗A)
= µA ◦
(
µA ⊗ h−1
) ◦ (h⊗ ψ) ◦ (δC ⊗µA)
= iAC ◦ ϕ′A ◦ (C ⊗µA).
In the last computations, the first equality follows from iAC ◦ ϕ′A = ϕA and by the defini-
tion of ϕA, the second one by the properties of ψ and the associativity of A, the third, the
fourth and the fifth ones by the properties of ψ . Finally, the sixth equality is trivial.
Therefore,
µAC ◦
(
ϕ′A ⊗ ϕ′A
) ◦ (C ⊗ ψ ⊗A) ◦ (δC ⊗ A⊗ A) = ϕ′A ◦ (C ⊗µA).
Finally, if we compose in this equality with C ⊗ iAC ⊗ iAC , we have that
µAC ◦
(
ϕ′A ⊗ ϕAC
) ◦ (C ⊗ψ ⊗ AC) ◦
(
δC ⊗ iCA ⊗ AC
) = ϕAC ◦ (C ⊗ µAC ). 
Examples 1.16. (i) In Proposition 2.10 of [20] we can find a similar result in the context
of C-cleft extensions for entwining structures.
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category C with split
idempotents. Let g :B → H be a morphism of weak Hopf algebras and f :H → B be a
morphism of coalgebras such that g ◦ f = idH and f ◦ ηH = ηB . In these conditions ϕBH
is the morphism defined in Proposition 2.4 of [3]. The morphism ϕBH verifies
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(2) ϕBH ◦ (H ⊗ ηBH ) = ϕBH ◦ (ΠLH ⊗ ηBH ).
(3) µBH ◦ (ϕBH ⊗ BH ) ◦ (H ⊗ ηBH ⊗ BH) = ϕBH ◦ (ΠLH ⊗ BH ).
(4) ϕBH ◦ (H ⊗ µBH ) = µBH ◦ (ϕBH ⊗ ϕBH ) ◦ (H ⊗ cH,BH ⊗ BH) ◦ (δH ⊗ BH ⊗BH ).
(5) µBH ◦ cBH ,BH ◦ ((ϕBH ◦ (H ⊗ ηBH )) ⊗BH ) = ϕBH ◦ (ΠLH ⊗ BH).
By 1.15 we can add to the last equalities the new property
(6) ϕBH ◦ (H ⊗ µBH ) = µBH ◦ (ϕ′B ⊗ ϕBH ) ◦ (H ⊗ψ ⊗ BH ) ◦ (δH ⊗ iBH ⊗ BH ),
where ψ is the entwining defined in (ii) of 1.2.
Moreover, if f is a morphism of algebras (BH ,ϕBH ) is a left H -module (see Proposi-
tion 2.5 of [2]).
Proposition 1.17. Let AC ↪→ A be a weak C-cleft extension with h :C → A the morphism
of right C-comodules in RegWR(C,A). Then the morphism σA :C ⊗C → A defined by
σA = µA ◦
(
µA ⊗ h−1
) ◦ (h ⊗ψ) ◦ (δC ⊗ h)
factors through the equalizer iAC . Moreover, if σAC is the factorization of σA, then
σAC = pAC ◦µA ◦ (h ⊗ h).
Proof. We have that σA = ϕA ◦ (C ⊗ h) where ϕA is the morphism defined in 1.15. Then
ρA ◦ σA = ρA ◦ ϕA ◦ (C ⊗ h) = ζA ◦ ϕA ◦ (C ⊗ h) = ζA ◦ σA.
Therefore, there exists an unique morphism σAC :C⊗C → AC such that iAC ◦σAC = σA.
The morphism σAC verifies that σAC = pAC ◦µA ◦ (h⊗h) because iAC ◦pAC ◦µA ◦ (h⊗h) =
σA. 
1.18. Let AC ↪→ A be a weak C-cleft extension with morphism h ∈ RegWR(C,A) and
let M ∈MCA(ψ). The morphisms
ωM :MC ⊗C → M, ω′M :M → MC ⊗ C
defined by ωM = φM ◦ (iMC ⊗ h) and ω′M = (pMC ⊗ C) ◦ ρM verify the equality ωM ◦
ω′M = idM because ωM ◦ ω′M = φM ◦ (M ⊗ eRR) ◦ ρM = idM . Notice that the equality
ω′M ◦ ωM = idMC⊗C it is not true in general. In the following proposition we clarify the
meaning of the identity ω′M ◦ωM = idMC⊗C .
Proposition 1.19. Let AC ↪→ A be a weak C-cleft extension with h :C → A the morphism
of right C-comodules in RegWR(C,A) and let M ∈MCA(ψ). Then, ω′M ◦ ωM = idMC⊗C if
and only if MC ⊗ εC = pM ◦ ωM .C
692 J.N. Alonso Álvarez et al. / Journal of Algebra 284 (2005) 679–704As a consequence, if A = M we have that ω′A ◦ ωA = idAC⊗C if and only if h ∧ h−1 =
εC ⊗ ηA. Therefore, if ω′A ◦ωA = idAC⊗C , the left weak inverse of h is unique.
Proof. First note that:
ω′M ◦ωM
= ((pMC ◦ φM
) ⊗C) ◦ (M ⊗ψ) ◦ ((ρM ◦ iMC
) ⊗ h)
= ((pMC ◦ φM
) ⊗C) ◦ (φM ⊗ ψ) ◦
(
iMC ⊗ (ρA ◦ ηA) ⊗ h
)
= ((pMC ◦ φM
) ⊗C) ◦ (iMC ⊗
(
(µA ⊗ C) ◦ (A ⊗ψ) ◦
(
(ρA ◦ ηA) ⊗ h
)))
= ((pMC ◦ φM
) ⊗C) ◦ (iMC ⊗
(
(h ⊗C) ◦ δC
))
.
In the last computations, the first equality follows from the weak entwined module
condition for M , the second one by the properties of iMC , the third one by the A-module
structure of M and finally, in the fourth one we use the weak entwined module condition
of A and the properties of h.
Then, if ω′M ◦ωM = idMC⊗C , composing with MC ⊗ εC in the equality
ω′M ◦ ωM =
((
pMC ◦ φM
) ⊗ C) ◦ (iMC ⊗
(
(h⊗C) ◦ δC
))
we obtain that MC ⊗ εC = pMC ◦ωM . Conversely, if MC ⊗ εC = pMC ◦ ωM we have
ω′M ◦ ωM =
(
pMC ⊗ C
) ◦ ρM ◦ ωM =
((
pMC ◦ωM
)⊗ C) ◦ (MC ⊗ δC) = idMC⊗C.
In the particular instance, A = M it is easy to show that if ω′A ◦ ωA = idAC⊗C then
h∧ h−1 = εC ⊗ ηA. On the other hand, if h∧ h−1 = εC ⊗ ηA, by the usual arguments, the
following equalities hold:
iAC ◦ pAC ◦ ωA
= µA ◦
(
A ⊗ h−1) ◦ ρA ◦ µA ◦
(
iAC ⊗ h
)
= µA ◦
(
µA ⊗ h−1
) ◦ (A ⊗ ψ) ◦ ((ρA ◦ iAC
) ⊗ h)
= µA ◦
(
µA ⊗ h−1
) ◦ (µA ⊗ψ) ◦
(
iAC ⊗ (ρA ◦ ηA) ⊗ h
)
= µA ◦
(
µA ⊗ h−1
) ◦ (iAC ⊗ (ρA ◦ h)
)
= µA ◦ (µA ⊗ A) ◦
(
iAC ⊗
((
h⊗ h−1) ◦ δC
))
= µA ◦
(
iAC ⊗
(
h∧ h−1))
= iCA ⊗ εC.
Therefore, pAC ◦ ωA = AC ⊗ εC and then ω′A ◦ ωA = idAC⊗C .
Finally, let g ∈ HomC(C,A) verifying g∧h = eRR and ψ ◦(C⊗g)◦δC = ζA◦(eRR ∧g).
Then, h∧ g = εC ⊗ ηA and g = g ∧ h ∧ g = eRR ∧ g = h−1 ∧ h∧ g = h−1. 
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morphisms of weak Hopf algebras such that g ◦ f = idH . As a consequence of 1.19 we
obtain that ωB is an isomorphism if and only if H is a Hopf algebra. This result was proved
in Proposition 2.10 of [2].
1.21. Let AC ↪→ A be a weak C-cleft extension with morphism h ∈ RegWR(C,A) and
let M ∈MCA(ψ). The morphism ΩM = ω′M ◦ ωM is an idempotent and then we have a
commutative diagram


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MC ⊗ C MC ⊗ C
M
MC × C
ωM ω
′
M
rM sM
ΩM
where rM ◦ sM = idMC×C . Therefore, the morphism bM = rM ◦ ω′M is an isomorphism of
right C-comodules with inverse b−1M = ωM ◦ sM . The comodule structure of MC ×C is the
one induced by the isomorphism bM and it is equal to
ρMC×C = (rM ⊗ C) ◦ (MC ⊗ δC) ◦ sM,
because (ωM ⊗ C) ◦ (MC ⊗ δC) ◦ sM = ρM ◦ ωM ◦ sM . In the particular case A = M we
have that bA is an isomorphism of algebras where the algebra structure is the one induced
by bA:
ηAC×C = bA ◦ ηA, µAC×C = bA ◦µA ◦
(
b−1A ⊗ b−1A
)
.
In the next proposition we obtain that µAC×C can be identified in other way.
Proposition 1.22. Let AC ↪→ A be a weak C-cleft extension with morphism h ∈
RegWR(C,A). Then µAC×C = µAC χAπA C where
µ
AC 
χA
πA
C
= rA ◦ (µAC ⊗C) ◦ (µAC ⊗ πA) ◦ (AC ⊗ χA ⊗ C) ◦ (sA ⊗ sA)
and
πA =
(
ϕ′A ⊗ C
) ◦ (C ⊗ψ) ◦ (δC ⊗ h), χA =
(
ϕ′A ⊗ C
) ◦ (C ⊗ ψ) ◦ (δC ⊗ iAC
)
.
Proof. Using the equalities:
(A1) µA ◦ (µA ⊗ µA) ◦ (h ⊗ A ⊗ h−1 ⊗ h) ◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (δC ⊗ A) =
µA ◦ ((h∧ eRR) ⊗ A)
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(A2) µA ◦ (µA ⊗ µA) ◦ (h ⊗ A ⊗ eRR ⊗ eRR) ◦ (C ⊗ ψ ⊗ C) ◦ (δC ⊗ ψ) ◦ (δC ⊗ iAC) =
µA ◦ (h⊗ iAC )
we obtain
b−1A ◦ µAC χAπA C
= µA ◦ (µA ⊗ µA) ◦
(
A ⊗ iAC ⊗ iAC ⊗ h
) ◦ (A ⊗ ϕ′A ⊗ ϕ′A ⊗ C
)
◦ (A ⊗ C ⊗ A⊗ C ⊗ ψ) ◦ (A⊗ C ⊗ ψ ⊗ h) ◦ (iAC ⊗ δC ⊗ iAC ⊗ C
) ◦ (sA ⊗ sA)
= µA ◦
([
µA ◦
(
A⊗ (µA ◦ (µA ⊗A) ◦
(
h⊗ A ⊗ h−1) ◦ (C ⊗ ψ) ◦ (δC ⊗A)
))]
⊗ [µA ◦ (µA ⊗ µA) ◦
(
h ⊗A ⊗ h−1 ⊗ h) ◦ (C ⊗ ψ ⊗C) ◦ (δC ⊗ψ) ◦ (δC ⊗ A)
])
◦ (A ⊗ C ⊗ ψ ⊗A) ◦ (iAC ⊗ δC ⊗ iAC ⊗ h
) ◦ (sA ⊗ sA)
= µA ◦
([
µA ◦
(
A⊗ (µA ◦ (µA ⊗A) ◦
(
h⊗ A ⊗ h−1) ◦ (C ⊗ ψ) ◦ (δC ⊗A)
))]
⊗ [µA ◦
(
(h∧ eRR) ⊗ A
)]) ◦ (A ⊗C ⊗ψ ⊗ A) ◦ (iAC ⊗ δC ⊗ iAC ⊗ h
) ◦ (sA ⊗ sA)
= µA ◦ (µA ⊗ A) ◦
(
µA ⊗ (eRR ∧ eRR) ⊗ A
) ◦ (A⊗ µA ⊗ C ⊗ A)
◦ (iAC ⊗ h ⊗ψ ⊗ h
) ◦ (AC ⊗ δC ⊗ iAC ⊗ C
) ◦ (sA ⊗ sA)
= µA ◦ (µA ⊗ A) ◦
(
iAC ⊗
[
µA ◦ (µA ⊗ µA) ◦ (h⊗A ⊗ eRR ⊗ eRR)
◦ (C ⊗ψ ⊗ C) ◦ (δC ⊗ ψ) ◦
(
δC ⊗ iAC
)] ⊗ h) ◦ (sA ⊗ sA)
= µA ◦ (µA ⊗ A) ◦
(
iAC ⊗
[
µA ◦
(
h ⊗ iAC
)] ⊗ h) ◦ (sA ⊗ sA)
= µA ◦
(
b−1A ⊗ b−1A
)
.
In the last computations, the first and the second equalities follows by definition, the
third one by the equality (A1), the fourth and the fifth ones by the properties of ψ , the sixth
one by (A2) and finally, the seventh one is a trivial calculus.
Therefore, µAC×C = µAC χAπA C . 
Examples 1.23. (i) If we work with entwined structures, the last result is Proposition 2.11
of [20]. In this context × = ⊗ and the algebra AC χAπA C, called the cross product algebra,
was studied by Brzezin´ski in [13].
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category C with split
idempotents. Let g :B → H be a morphism of weak Hopf algebras and f :H → B be a
morphism of coalgebras such that g ◦ f = idH and f ◦ ηH = ηB . Under these conditions
it is possible to prove, using similar computations to the ones developed in 4.2 of [3], that
the morphism ΩB = ω′B ◦ ωB admits the following new formulation:
ΩB = (ϕBH ⊗µH ) ◦ (H ⊗ cH,BH ⊗ H) ◦
(
(δH ◦ ηH ) ⊗BH ⊗ H
)
.
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category of H . This category is denoted by Rep(H) and were studied in [12] and [26] (see
also [25]).
Moreover, if σBH is the morphism obtained in 1.17, we can define the following mor-
phisms
ηBH σBH
H :K → BH × H, µBH σBH H :BH × H ⊗ BH × H → BH × H,
ρBH σBH
H :BH → BH × H ⊗H
by
ηBH σBH
H = rB ◦ (ηBH ⊗ ηH ),
µBH σBH
H = rB ◦ (µBH ⊗H) ◦ (µBH ⊗ σBH ⊗ µH) ◦ (BH ⊗ ϕBH ⊗ δH⊗H )
◦ (BH ⊗ H ⊗ cH,BH ⊗ H) ◦ (BH ⊗ δH ⊗ BH ⊗H) ◦ (sB ⊗ sB),
ρBH σBH
H = (rB ⊗ H) ◦ (BH ⊗ δH ) ◦ sB .
If we denote by BH σBH H (the crossed product of BH and H ) the triple
(BH × H,ηBH σBH H ,µBH σBH H ),
then BH σBH H is an algebra, (BH × H,ρBH σBH H ) is a right H -comodule and the mor-
phism bB :B → BH σBH H is an isomorphism of algebras and right H -comodules (see
Theorem 2.8 [3]). Theorem 2.8 of [3] is the weak version of the result obtained by Blat-
tner, Cohen and Montgomery in [9]. Moreover, in the Hopf algebra case, if f is an algebra
morphism, we have σBH = εH ⊗ εH ⊗ ηBH and then BH σBH H is the smash product of
BH and H , denoted by BH H . Observe that the product of BH H is
µBH H = (µBH ⊗µH ) ◦
(
BH ⊗
(
(ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (δH ⊗BH )
) ⊗H ).
In the weak Hopf algebra case, if f is a morphism of algebras, σBH = pBH ◦ΠBL ◦f ◦µH
and then
µBH σBH
H = rB ◦ (µBH ⊗µH )
◦ (BH ⊗
(
(ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦ (δH ⊗BH )
)⊗ H ) ◦ (sB ⊗ sB).
As a consequence, for analogy with the Hopf algebra case, when σBH = pBH ◦ΠBL ◦ f ◦
µH , we will denote the triple BH σBH H by BH H (the smash product of BH and H ).
Finally, Proposition 1.22 implies that the product µBH σBH H is equal to µBH 
χB
πB
H
where
µ χB = rB ◦ (µBH ⊗H) ◦ (µBH ⊗ πB) ◦ (BH ⊗ χB ⊗ H) ◦ (sB ⊗ sB)BH πB B
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πB =
(
ϕ′B ⊗ H
) ◦ (H ⊗ψ) ◦ (δH ⊗ f ), χB =
(
ϕ′B ⊗H
) ◦ (H ⊗ ψ) ◦ (δH ⊗ iBH
)
.
2. Weak cocleft coextensions
In this section we study the dual results of the previous one. If we particularize these
results to the case of entwining structures we obtain the theory developed in Section 3
of [20]. In this section, the arguments and computations are similar to the ones used in
Section 1, but passing to the opposite category, and then we leave the details to the reader.
Proposition 2.1. Let (A,C,ψ) be a weak entwining structure such that there exists a action
φC verifying that (C,φC, δC) belongs to MCA(ψ). If for all (M,φM,ρM) ∈MCA(ψ), we
denote by MA the coequalizer of φM and βM = (M ⊗ (εC ◦ φC)) ◦ (ρM ⊗ A) and by lMA
the projection of M on MA, we have the following:
(i) The triple (CA, εCA, δCA) is a coalgebra in C , where εCA :K → CA and δCA :CA →
CA ⊗ CA are the factorizations of εC and (lCA ⊗ lCA) ◦ δC respectively, through the
coequalizer lCA .
(ii) The pair (MA,ρMA) is a right CA-comodule, where ρMA :MC → MC ⊗ CA is the
factorization of (lMA ⊗ lCA) ◦ ρM through the coequalizer lMA .
Example 2.2 (See Section 3 of [3] for more details). Let H , B be weak Hopf algebras in a
symmetric monoidal category C with split idempotents. Let j :H → B be a morphism of
weak Hopf algebras and t :B → H be a morphism of algebras such that t ◦ j = idH and
εH ◦ t = εB . If we define φB :B ⊗H → B and the interwining ψ :B ⊗ H → H ⊗ B by
φB = µB ◦ (B ⊗ j), ψ = (H ⊗ φB) ◦ (cB,H ⊗ H) ◦ (B ⊗ δH )
we have that (H,B,ψ) is a weak entwining structure where eRR = t ◦ ΠRB . Also,
(B,φB, δB) belongs to the categoryMBH (ψ).
The morphism kBH :B → B defined by
kBH = φB ◦
(
B ⊗ (t ◦ λB)
) ◦ δB
is idempotent in C and, as a consequence, we obtain that there exist an epimorphism lBH ,
a monomorphism nBH and an object BH such that the diagram

 

B B
BH
kBH
lBH n
B
H
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
 
φB
φB◦(B⊗ΠLH )
lBH
B ⊗ H B BH ,

 
φB
φB◦(B⊗ΠLH )
lBH
B ⊗H B BH .
Therefore, the object defined by the equalizer of φB and βB is the same that the
one defined by the equalizer of φB and φB ◦ (B ⊗ ΠLH ) because, in this situation,
φB ◦ (B ⊗ ΠLH ) = βB .
Remark 2.3. Let (A,C,ψ) be a weak entwining structure. If there exists an action φC
verifying that (C,φC, δC) ∈MCA(ψ) and h′ ∈ HomC(C,A) is a morphism of right A-mo-
dules, we have that h′ ∧ eRR = h′.
Definition 2.4. Let (A,C,ψ) be a weak entwined structure and suppose that (C,φC, δC) ∈
MCA(ψ). We will say that C CA is a weak A-cocleft coextension if there exists a mor-
phism h′ ∈ RegWR(C,A) of right A-modules such that
µA ◦
(
A⊗ h′−1) ◦ψ = (eRR ∧ h′−1
) ◦ βC
where βC = (C ⊗ (εC ◦ φC)) ◦ (δC ⊗ A) is the morphism defined in 2.1. Also, as in 1.13,
we can suppose without loss of generality that eRR ∧ h′−1 = h′−1.
Remarks 2.5. (i) Let (A,C,ψ) be a weak entwining structure. If there exists an action
φC verifying that (C,φC, δC) ∈MCA(ψ) and h′ ∈ HomC(C,A) is a morphism of right
A-modules such that h′ in RegWR(C,A), the interwining ψ is completely determined in
the following form:
ψ = ((µA ◦
(
h′−1 ⊗ h′)) ⊗C) ◦ (C ⊗ (δC ◦ φC)
) ◦ (δC ⊗ A).
(ii) Let (A,C,ψ) be a entwining structure and suppose that (C,φC, δC) ∈MCA(ψ). If
h′ ∈ Reg(C,A) is a morphism of right A-modules we have
µA ◦
(
A ⊗ h′−1) ◦ ψ = h′−1 ◦ βC =
(
eRR ∧ h′−1
) ◦ βC
and then a cocleft coextension in the sense of [20] is a weak cocleft coextension.
Example 2.6. Let B and H be weak Hopf algebras in the same conditions of 2.2, then
t ∈ RegWR(B,H) with inverse t−1 = t ◦ λB and B = (B,φB, δB) BH is a weak H -co-
cleft coextension. When H = B and f = g = idH we have the trivial example of weak
H -cocleft coextension.
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action φC verifying that (C,φC, δC) ∈MCA(ψ). Let h′ :C → A be a morphism of right
A-modules in RegWR(C,A). The following are equivalent:
(i) C CA is a weak A-cocleft coextension.
(ii) For all object M in MCA(ψ) the morphism kMA = φM ◦ (M ⊗ h′−1) ◦ ρM :M → M
factors through the coequalizer lMA , i.e., there exists a morphism nMA :MA → M such
that nMA ◦ lMA = kMA .
Example 2.8. Let H , B be weak Hopf algebras in a symmetric monoidal category with
split idempotents C . Let j :H → B be a morphism of weak Hopf algebras and t :B → H
be a morphism of algebras such that t ◦ j = idH and εH ◦ t = εB . In these conditions, for
M = B , the morphism kBH is the one defined in Example 2.2.
Proposition 2.9. Let C CA be a weak A-cocleft coextension with h′ :C → A the mor-
phism of right A-modules in RegWR(C,A). Then the morphism rC :C → A ⊗ C defined
by
rC = (µA ⊗C) ◦
(
h′ ⊗ ψ) ◦ (δC ⊗ h′−1
) ◦ δC
factors through the coequalizer lCA . Moreover, if r ′C is the factorization of rC , we have thefollowing equality:
(µA ⊗C ⊗C) ◦ (A ⊗ ψ ⊗C) ◦
(
r ′C ⊗ r ′C
) ◦ δCA = (A ⊗ δC) ◦ r ′C.
Finally, if we define the morphism rCA :CA → A ⊗ CA by rCA = (A ⊗ lCA) ◦ r ′C we
obtain:
(
µA ⊗ lCA ⊗CA
) ◦ (A ⊗ ψ ⊗CA) ◦ (r ′C ⊗ rCA
) ◦ δCA = (A ⊗ δCA) ◦ rCA.
Examples 2.10. (i) In Proposition 3.5 of [20] we can find a similar result in the context of
A-cocleft coextensions for entwining structures.
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category with split idem-
potents C . Let j :H → B be a morphism of weak Hopf algebras and t :B → H be a
morphism of algebras such that t ◦ j = idH and εH ◦ t = εB . In these conditions, rBH is
the morphism defined in Section 3 of [3]. The morphism rBH verifies
(1) (εH ⊗BH ) ◦ rBH = idBH .
(2) (H ⊗ εBH ) ◦ rBH = (ΠLH ⊗ εBH ) ◦ rBH .
(3) (H ⊗ εBH ⊗ BH ) ◦ (rBH ⊗BH ) ◦ δBH = (ΠLH ⊗BH ) ◦ rBH .
(4) (H ⊗ δBH ) ◦ rBH = (µH ⊗ BH ⊗ BH ) ◦ (H ⊗ cBH ,H ⊗ BH) ◦ (rBH ⊗ rBH ) ◦ δBH .
(5) (((H ⊗ εBH ) ◦ rBH ) ⊗ BH) ◦ cBH ,BH ◦ δBH = (ΠLH ⊗BH ) ◦ rBH .
By 2.9 we can add to the last equalities the new property
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where ψ is the entwining defined in 2.2.
Moreover, if t is a morphism of coalgebras (BH , rBH ) is a left H -comodule (see Propo-
sition 2.5 of [2]).
Proposition 2.11. Let CCA be a weak A-cocleft coextension with h′ :C → A the mor-
phism of right A-modules in RegWR(C,A). Then the morphism γC :C → A ⊗ A defined
by
γC =
(
µA ⊗ h′
) ◦ (h′ ⊗ ψ) ◦ (δC ⊗ h′−1
) ◦ δC
factors through the coequalizer lCA . Moreover, if γCA is the factorization of γC , then
γCA =
(
h′ ⊗ h′) ◦ δC ◦ nCA.
2.12. Let CCA be a weak A-cocleft coextension with morphism h′ ∈ RegWR(C,A)
and let M ∈MCA(ψ). The morphisms
M :M
A ⊗A → M,  ′M :M → MA ⊗A
defined by M = φM ◦ (nMA ⊗ A) and  ′M = (lMA ⊗ h′) ◦ ρM verify the equality M ◦
 ′M = idM because we have M ◦ ′M = φM ◦ (M ⊗ eRR) ◦ ρM = idM . Also, the equality
 ′M ◦ M = idMA⊗A it is not true in general and the dual version of Proposition 1.19 is
the following:
Proposition 2.13. Let C  CA be a weak A-cocleft coextension with h′ :C → A the
morphism of right A-modules in RegWR(C,A) and let M ∈MCA(ψ). Then,  ′M ◦ M =
idMA⊗A if and only if MA ⊗ ηA =  ′M ◦ nMA .
As a consequence, if M = C we have  ′C ◦ C = idCA⊗A if and only if h′ ∧ h′−1 =
εC ⊗ ηA. Therefore, if  ′C ◦ C = idCA⊗A, the left weak inverse of h′ is unique.
2.14. Let CCA be a weak A-cocleft coextension with morphism h′ ∈ RegWR(C,A)
and let M ∈MCA(ψ). The morphism ΥM =  ′M ◦ M is an idempotent and then we have
a commutative diagram




 

	








 


MA ⊗A MA ⊗ A
M
MA A
M 
′
M
uM vM
ΥM
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of right A-modules with inverse d−1M = M ◦ vM . The module structure of MA A is the
one induced by the isomorphism dM and it is equal to
φMAA = uM ◦
(
MA ⊗ µA
) ◦ ( ′M ⊗ µA
) ◦ (nMA ⊗ A ⊗A
) ◦ (vM ⊗A).
In the particular case C = M we have that dC is an isomorphism of coalgebras where
the coalgebra structure is the one induced by dC :
εCAA = εC ◦ d−1C , δCAA = (dC ⊗ dC) ◦ δC ◦ d−1C .
In the following proposition we obtain that δCAA can be identified using a crossed
coproduct.
Proposition 2.15. Let C  CA be a weak A-cocleft coextension with morphism h′ ∈
RegWR(C,A). Then δCAA = δCAθCςC A where
δ
CAθCςC A
= (uC ⊗ uC) ◦
(
CA ⊗ θC ⊗ A
) ◦ (δCA ⊗ ςC) ⊗ (δCA ⊗A) ◦ vC
and
ςC =
(
µA ⊗ h′
) ◦ (A ⊗ ψ) ◦ (r ′C ⊗A
)
, θC =
(
µA ⊗ lCA
) ◦ (A ⊗ψ) ◦ (r ′C ⊗ A
)
.
Examples 2.16. (i) In the entwined case, the last result is Proposition 3.6 of [20]. In this
context ⊗ = and the coalgebra CA θCςC A, called the cross coproduct coalgebra, is the
dual of the one studied by Brzezin´ski in [13].
(ii) Let H , B be weak Hopf algebras in a symmetric monoidal category with split
idempotents. Let j :H → B be a morphism of weak Hopf algebras and t :B → H be a
morphism of algebras such that t ◦ j = idH and εH ◦ t = εB . Let γBH be the morphism
defined in 2.11 and put
εBHγ
BH
H :B
H H → K, δBHγ
BH
H :B
H H → BH H ⊗BH H,
ψBHγ
BH
H :B
H H ⊗H → BH H
where
εBHγ
BH
H = (εBH ⊗ εH ) ◦ vB,
δBHγ
BH
H = (uB ⊗ uB) ◦
(
BH ⊗µH ⊗BH ⊗ H
) ◦ (BH ⊗ H ⊗ cBH ,H ⊗H
)
◦ (BH ⊗ rBH ⊗ µH⊗H
) ◦ (δBH ⊗ γBH ⊗ δH ) ◦ (δBH ⊗H) ◦ vB,
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BH
H (the crossed coproduct of BH and H ) the triple
(
BH H,εBHγ
BH
H , δBHγ
BH
H
)
,
we have that BH γ
BH
H is a coalgebra and dB :B → BH γ
BH
H is an isomorphism of
coalgebras and right H -modules.
Proposition 2.15 implies that the coproduct δBHγ
BH
H is equal to δBHθBςB H
where
δ
BHθBςB H
= (uB ⊗ uB) ◦
(
BH ⊗ θB ⊗ H
) ◦ (δBH ⊗ ςB) ⊗ (δBH ⊗ H) ◦ vB
and
ςB = (µH ⊗ t) ◦ (H ⊗ ψ) ◦
(
r ′B ⊗ H
)
, θB =
(
µH ⊗ lBH
) ◦ (H ⊗ ψ) ◦ (r ′B ⊗ H
)
.
In the Hopf algebra case (H and B Hopf algebras) this result is the dual of the one
obtained by Blattner, Cohen and Montgomery. In this case, if t is a coalgebra morphism,
we have γBH = εBH ⊗ ηH ⊗ ηH and then BH γBH H is the smash coproduct of BH
and H , denoted by BH H . In BH H the coproduct is
δBHH =
(
BH ⊗ ((µH ⊗BH
) ◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗H)
)⊗ H ) ◦ (δBH ⊗ δH ).
Finally, when t is a morphism of weak Hopf algebras we have γBH = δH ◦ΠLH ◦ t ◦ nBH
and then the expression of δBHγ
BH
H is:
δBHγ
BH
H = (uB ⊗ uB) ◦
(
BH ⊗ ((µH ⊗BH
) ◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H)
)⊗ H )
◦ (δBH ⊗ δH ) ◦ vB.
As a consequence, for analogy with the Hopf algebra case, when γBH = δH ◦ ΠHL ◦
t ◦ nBH , we will denote the triple BH γBH H by BH  H (the smash coproduct of BH
and H ).
3. The mixed case
3.1. Let A and C be algebras coalgebras in C . Let g :A → C and f :C → A be mor-
phisms of algebras and coalgebras such that
(i) f ◦ g = idC .
(ii) There exists a weak entwined structure (A,C,ψ) in C such that (A,µA,ρA =
(A ⊗ g) ◦ δA) ∈MCA(ψ).
(iii) There exists a weak entwined structure (C,A,ψ ′) in C such that (A,φA = µA ◦
(A ⊗ f ), δA) ∈MAC(ψ ′).
(iv) f ∈ RegWR(C,A), g ∈ RegWR(A,C) and
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(
eRR ∧ f −1
)
,
µA ◦
(
A ⊗ g−1) ◦ ψ ′ = (eRR ∧ g−1
) ◦ βC.
Under these conditions, AC ↪→ A is a weak C-cleft extension with morphism
f ∈ RegWR(C,A) and A  AC is a weak C-cocleft coextension with morphism g ∈
RegWR(A,C). Therefore, there exist two isomorphisms, defined in 1.21 and 2.14, bA :A →
AC × C, dA :A → AC  C, and, as a consequence, dA ◦ b−1A : AC × C → AC  C is an
isomorphism.
Moreover, if f ◦g−1 = f −1 ◦g we obtain that qAC = kAC and then, there exists an unique
morphism y ′A :AC → AC such that y ′A ◦ lAC = pAC and iAC ◦ y ′A = nAC . Finally, defining
yA :A
C  C → AC × C by yA = rA ◦ (y ′A ⊗ C) ◦ vA, we obtain that (dA ◦ b−1A )−1 = yA.
Indeed:
dA ◦ b−1A ◦ rA ◦
(
y ′A ⊗C
) ◦ vA = dA ◦ωA ◦ ω′A ◦ ωA ◦
(
y ′A ⊗C
) ◦ vA
= dA ◦µA ◦
(
iAC ⊗ f
) ◦ (y ′A ⊗ C
) ◦ vA
= dA ◦µA ◦
(
nAC ⊗ f
) ◦ vA = uA ◦  ′A ◦ A ◦ vA
= uA ◦ vA ◦ uA ◦ vA = idACC.
Example 3.2. Let H , B be weak Hopf algebras in a symmetric monoidal category C with
split idempotents. Suppose that g :B → H and f :H → B are morphisms of weak Hopf
algebras such that g ◦ f = idH . Then
(i) The triple (B,H,ψ) is a weak entwining structure where ψ = (B ⊗ µA) ◦ (cH,B ⊗
H) ◦ (H ⊗ ρB) and ρB = (B ⊗ g) ◦ δB . Also, (B,µB,ρB) ∈MHB (ψ).
(ii) The triple (H,B,ψ ′) is a weak entwining structure where ψ ′ = (H ⊗ φB) ◦ (cB,H ⊗
H) ◦ (B ⊗ δH ) and φB = µB ◦ (B ⊗ f ). Also, (B,φB, δB) ∈MBH (ψ ′).
Then, by 3.1, we obtain that BH ↪→ B  BH is a weak H -cleft extension with
morphism f ∈ RegWR(H,B) and is a weak H -cocleft coextension with morphism g ∈
RegWR(B,H). In this situation qBH = kBH and the morphism y ′B is an identity, BH = BH .
Thus
 BH B B ⊗ Hi
B
H
ρB
(B⊗ΠLH )◦ρB
is an equalizer diagram and

 
φB
φB◦(B⊗ΠLH )
pBH
B ⊗H B BH
is a coequalizer diagram.
Moreover, ωB = B , ω′ =  ′ and then BH × H = BH H .B B
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triple (BH ,ϕBH , rBH ) belongs to HHWYD where HHWYD denotes the category of left weak
Yetter–Drinfeld modules over H defined in [2].
As a consequence, we have the following theorem, the weak version of Radford’s theo-
rem, proved in [2].
Theorem 3.3. Let H , B be weak Hopf algebras in symmetric monoidal category with
split idempotents C . Let g :B → H and f :H → B be morphisms of weak Hopf algebras
such that g ◦ f = idH . Then there exists an object BH living in HHWYD such that B is
isomorphic to BH ×H as weak Hopf algebras, being the (co)algebra structure in BH ×H
the smash (co)product. The expression for the antipode of BH × H is
λBH×H = rB ◦ (ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦
(
(δH ◦ λH ◦ µH) ⊗ λBH
)
◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗ H) ◦ sB .
3.4. As a particular instance of 3.1, we obtain the results of [20] for the entwining
context. Also, we recover the central theorem about Hopf algebras with projection and
the Majid’s bosonization process in braided monoidal categories. In this case we must to
change the weak Yetter–Drinfeld modules by the usual Yetter–Drinfeld modules.
Theorem 3.5. Let H , B be Hopf algebras in braided monoidal category with split idem-
potents C . Let g :B → H and f :H → B be morphisms of Hopf algebras such that
g ◦ f = idH . Then there exists an object BH living in HHYD such that B is isomorphic
to BH ⊗ H as Hopf algebras, being the (co)algebra structure in BH ⊗ H the smash
(co)product. The expression for the antipode of BH ⊗ H is
λBH ⊗H = (ϕBH ⊗ H) ◦ (H ⊗ cH,BH ) ◦
(
(δH ◦ λH ◦µH ) ⊗ λBH
)
◦ (H ⊗ cBH ,H ) ◦ (rBH ⊗H).
Proof. The line of this proof is the one developed in 3.2 but adapted to the braided case,
for example see [1]. 
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